Abstract. Consider a tandem system of machines separated by in®nitely large buffers. The machines process a continuous¯ow of products, possibly at different speeds. The life and repair times of the machines are assumed to be exponential. We claim that the over¯ow probability of each buffer has an exponential decay, and provide an algorithm to determine the exact decay rates in terms of the speeds and the failure and repair rates of the machines. These decay rates provide useful qualitative insight into the behavior of the¯ow line. In the derivation of the algorithm we use the theory of Large Deviations.
Introduction
A¯ow line (also called transfer line or production line) is a tandem system of machines separated by storage areasÐwhich we will call buffersÐthrough which a stream of items ows from one machine to the next. Flow lines are frequently encountered in manufacturing systems and other industrial processes, as well as in computer and communication applications. A typical¯ow line is depicted in Figure 1 . For a comprehensive survey on¯ow lines we refer to (Dallery and Gershwin, 1992) .
Using the terminology of (Dallery and Gershwin, 1992), we consider a continuous¯ow lineÐin which we view the stream of products as a¯uid¯owÐconsisting of n machines and n À 1 intermediate buffers, each buffer having in®nite capacity. The life and repair times of the machines are assumed to be independent of each other and exponentially distributed. Finally, the machines may have different processing speeds.
Important performance measures for this model are the stationary distribution of the content of a buffer, and the probability of a buffer over¯ow during a speci®ed time interval. In this paper we focus on the over¯ow probability of a buffer, which we de®ne as the probability that the buffer content exceeds a given threshold before returning to 0.
An exact analysis of¯ow lines is often not possible. Analytical results, mostly on stationary distributions, exist only for the most elementary systems. The 2-machine 1-buffer case (2-stage¯ow line) has been examined in Zimmern (1956) , where the stationary distribution of the buffer content was found. For the 3-machine 2-buffer¯ow line with identical machines and (®nite) buffers the joint stationary distribution of the buffers was found in Coillard and Proth (1984) . Although in De Koster and Wijngaard (1986) more general 3-machine 2-buffer¯ow lines were considered, exact results were found only for a number of special cases which could be directly related to 2-stage¯ow lines. The fact that 3-stage¯ow lines are essentially more dif®cult to solve than 2-stage¯ow lines was demonstrated in Kroese and Scheinhardt (2001) , where, amongst other¯uid systems, ā uid tandem queue with on-off input is analyzed. This is basically a 3-stage¯ow line with one unreliable machine at the front of the line and two subsequent reliable machines. The joint stationary distribution of the content of the two buffers is found and expressed in terms of integrals of modi®ed Bessel functions. See also Kella and Whitt (1999) for a discussion on linear¯uid networks.
Flow lines with more than two machines are usually analyzed via simulation and approximation methods. Approximations are often based on the principle of decomposition or aggregation. The idea is to decompose the¯ow line into a set of 2-stage subsystems which locally have the same behavior as the original line. We refer again to Dallery and Gershwin (1992) for details.
Although the decomposition algorithms have proved to be very useful, we cannot expect them to yield accurate approximations of small over¯ow or steady-state probabilities. However, we claim that the over¯ow probability of a buffer has an exponential decay, i.e. the probability of reaching a high level L during a busy period, decreases exponentially with L. The purpose of this paper is to show how the corresponding decay rates for a general n-stage¯ow line can be determined. The exact knowledge of these decay rates provides useful qualitative insight into the behavior of thē ow line. As a by-product, we obtain information on the manner in which backlog builds up in a buffer.
We emphasize the methodology and the relative simplicity of the results. Related studies may be found in De Veciana et al. (1993) and Chang et al. (1994) . In the latter article, an algorithm was proposed to ef®ciently simulate small buffer over¯ow probabilities in certain acyclic ATM queueing networks, using the Importance Sampling method. Although the``intree'' network topology of Chang et al. (1994) is more general than our series topology, the network components in Chang et al. (1994) are completely reliable, whereas our¯ow line system allows for unreliable machines. Moreover, in Chang et al. (1994) the concept of``effective bandwidth'' has been used, which seems less natural in the context of¯ow lines. In fact, the method developed in the present paper seems simpler and is more in line with De Veciana et al. (1993) . For accessible accounts on Large Deviations, we refer to Bucklew (1990) and Shwartz and Weiss (1995) .
The organization of the rest of the paper is as follows. In Section 2 we introduce the model and de®ne the relevant parameters. Section 3, the main section of the paper, deals with the decay rates of (the over¯ow probabilities of ) the buffers. First, we address the issue why the over¯ow probabilities should have an exponential decay. We then proceed to show how the corresponding decay rates can be determined via a minimization program. 
